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$f(z)=q^{-1}$ $\prod$ $(1-q^{n})6 \sum=a(n)q^{n}$ , $q=e^{2}\pi iz$
$n>0,5\psi\iota$
, $f(z)=(\eta(z)/\eta(5z))^{6}$ $\Gamma_{0}(5)\text{ }$ . ( ) modular
. $\Gamma_{0}(5)$ cusps 2 , $f(-1/5z)=5^{3}(\eta(5Z)/\eta(z))^{6}=$
$5^{3}q+5^{3}\cdot 6q^{2}+\cdots$ , $0$ cusp cusp form
. , circle method Fourier $a(n)$ ,
$\infty$ cusp , 5
. $h/5,$ $(5, h)=1$ . ,
$a(n) \sim A_{5}(n)\cdot\frac{e^{4\pi\sqrt{n}/5}}{\sqrt{10}n^{3/4}}$ $(narrow\infty)$
. , $A_{5}(n)$ Kloostermann ( )
. , $A_{5}(-1)=0.381>0,$ $A_{5}(0)=-1<0,$ $A_{5}(1)=$
$2.618>0,$ $A_{5}(2)=1.236>0,$ $A_{5}(3)=-3.236<0$ ,




Thompson series . – modular \vee |
1091 1999 76-84 76
. , (
) modular Fourier ( ) Kloosterman
. , Kloosterman
, , Fourier –
vanish ( , $0$ ) ,
.
, modular $i$ $1/j(z)$ ( 2) Fourier





, McKay&Strauss the simplest case
, . citcle method – .
Thompson series ,




1. $N$ 2, 3, 5, 7, 13 , .
$N$ , $N-1$ 12 .





$a(n) \sim A_{N}(n)\cdot\frac{1}{\sqrt{2N}n^{3/4}}\cdot e^{4\pi\sqrt{n}/N}$
$A_{N}(n)$ Kloostermann : $A_{N}(.n)= \sum_{=h(\mathrm{m}\mathrm{o}\mathrm{d} N),(h,N)1}\cdot e-\frac{2\pi}{N}(nh+h’)$
$(hh’\equiv-1 (\mathrm{m}\mathrm{o}\mathrm{d} N))$ ,
$I_{1}(t)$ Bessel : $I_{1}(t)= \sum_{k=0}^{\infty}\frac{(t/2)^{2}k+1}{k!(k+1)!}$ .
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, , $f(z)$ $1/f(z)$ z-
. $f(z)$ Fourier $N$
, $f(z)$ level $N$ modular , .
,




$f(\sigma Z)=N^{1}2/(N-1)$ . $\frac{1}{f(z)}$ $(\forall\sigma\in W_{N0}\Gamma(N))$
$GL_{2}^{+}(\mathrm{R})\text{ }-\text{ }\mathrm{a}\mathrm{c}$ . $W_{N}$ Fricke
involution . $PGL_{2}(\mathrm{R})$ $\mathrm{r}_{0}(N)\cup W_{N}\Gamma 0(N)$




. Riemann , ,
genus $0$ . modular , $f(z)$
. 1 $f(z)$ \infty (




$a(n)= \int_{L}f(_{Z})e^{-2\pi iz}dnZ$ (1)
. $f(z)$ $L$ $z_{0}$
, $z_{0}+1$ , .
$L$ : $z=x+i\epsilon$ , $0\leq x\leq 1$
. $\epsilon>0$ ,
, $f(z)$ ( $\infty$ ) ( $0$ )
. , , .
, , $\infty$ , $N$
. , ,
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, . /N $(h=1,2, \cdots, N-1)$
, $L$ $L_{h}$ :




. $n\geq 4$ . , $L_{h}$ disjoint
. $\cup L_{h}$ (major arc), $L\backslash \cup L_{h}$ (minor arc) .
$(=a(n))$ ,
, Hard.y-Ramanujan [HR] circle method
. (Rademacher [R] .).
2. .
$z=x+i\epsilon\in L\backslash \cup L_{h}$ $\Rightarrow$.
$|f(z)|=O(e^{\pi\sqrt{n}/N})$
. $|e^{-2\pi in}|z=e=e^{\pi}2\pi \mathrm{g}n\sqrt{n}/N$
$\int_{L\backslash \cup L_{h}}f(_{Z})e-2\pi inzdZ=^{o}(e\frac{2\pi\sqrt{n}}{N})$ (2)
. . , .
2 $z$ , $\sigma\in\Gamma \mathrm{o}(N)\cup W_{N}\Gamma_{0}(N)$
, :
$z_{1}=\sigma z=x_{1}+iy_{1}$ , $y_{1} \geq y_{0}=\frac{\sqrt{3}}{2N}$
, $y_{1}={\rm Min}\{{\rm Im}\sigma Z|\sigma\in\Gamma_{0}(N)\cup W_{N}\mathrm{r}_{0}(N)\}$ ,
. $N$
.
$z=x+i\epsilon\in L\backslash \cup L_{h}$ , 2 $\sigma$ .
$\sigma\in W_{N}\Gamma_{0}(N)$
$f(z)=N^{\frac{12}{N-1}} \cdot\frac{1}{f(z_{1})}=N^{\frac{12}{N-1}}\cdot e^{2\pi}iz_{1}+$ $\cdot$ ..








. $\cdot\cdot$ $\overline{y_{1}}\underline{\rceil}=\frac{(_{\cap 7\mathrm{w}}\cdot\perp_{1}d\backslash 2\backslash \cdot \text{ }{\epsilon}}"+c$
.
$c=0$ $d=\pm 1,$ $y_{1}=\epsilon\not\simeq\sqrt{3}/2N$ $c>0$ .
$c\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} N)$ , $c\geq 2N$
$\frac{1}{y_{1}}\geq \mathrm{c}^{2}\epsilon\geq\frac{2N}{\sqrt{n}}$ . $\cdot$ . $y_{1} \leq\frac{\sqrt{n}}{2N}$
$c=N$ . $y_{1}>\sqrt{n}/2N(.\cdot. 1/y\iota<2N/\sqrt{n})$ :
$\frac{1}{y_{1}}=\frac{1}{\epsilon}(N_{X}+d)2N2\epsilon+<\frac{2N}{\sqrt{n}}$ . . $2N \sqrt{n}(NX+d)^{2}<\frac{2N}{\sqrt{n}}-N^{2}\epsilon=\frac{3N}{2\sqrt{n}}$
. . $(Nx+d)2< \frac{3}{4n}$ . . $|x+ \frac{d}{N}|<\frac{\sqrt{3}}{2N\sqrt{n}}=\sqrt{3}\epsilon$ $(< \frac{1}{2N})$
$0\leq x\leq 1$ $d=-h(1\leq\exists h\leq N-1)$ . $z\in L_{h}$
, $z\in L\backslash \mathrm{U}L_{h}\text{ }.$ . (1) .
, $L_{h}$ . $(h=1,2, \cdots, N-1)$
$z\in L_{h}$ $z=x+i\epsilon,$ $\epsilon=\frac{1}{2N\sqrt{n}},$
$|x- \frac{h}{N}|\leq\sqrt{3}\epsilon$ .
$\sigma=\in\Gamma_{0}(N)(hh’\equiv-1 (\mathrm{m}\mathrm{o}\mathrm{d} N))$ \vee )
${\rm Im} z_{1}=y_{1}\geq\sqrt{n}/2N$ . , $z_{1}=\sigma z$
$\frac{1}{y_{1}}=\frac{1}{\epsilon}(N_{X}-h)^{2}+N2\epsilon=N2\epsilon(\frac{1}{\epsilon^{2}}|x-\frac{h}{N}|2+1)\leq 4N^{2}\epsilon=\frac{2N}{\sqrt{n}}$
$f(z)=f(z_{1}\mathrm{I}=e-2\pi iz_{1}+O(1)$ , $|e^{-\mathrm{z}inz}|\pi=e^{\pi\sqrt{n}/N}$
$-$
$\int_{L_{\mathrm{b}}}f(z)e-2\pi inzdz=\int_{L_{h}}e^{-2}d_{Z}\pi inz-2\pi iz_{1}+O(e^{\frac{\pi\sqrt{n}}{N}})$
( !) $\mathrm{A}^{\mathrm{a}}$ .
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$z_{1}= \frac{\text{ _{}Z+}’\ell}{Nz-h}=\frac{h’}{N}-\frac{1}{N(N_{Z-}\text{ })}$ $v=-i.\sqrt{n}(Nz-h)$
$-2 \pi inz=-2\pi i\frac{nh}{N}+2\pi\frac{\sqrt{n}}{N}v$ , $-2 \pi iz_{1}=-2\pi i\frac{h’}{N}+2\pi\frac{\sqrt{n}}{N}\frac{1}{v}$
$z=x+i\epsilon$ $x- \frac{h}{N}=Z-\frac{h}{N}-\frac{i}{2N\sqrt{n}}=\frac{i}{N\sqrt{n}}(v-\frac{1}{2})$.
$- \sqrt{3}\epsilon\leq x-\frac{h}{N}\leq\sqrt{3}\epsilon$ $\Leftrightarrow$ $- \frac{\sqrt{3}}{2}\leq i(v-\frac{1}{2})\leq\frac{\sqrt{3}}{2}$
$\int_{L_{h}}e^{-2\pi\dot{j}}-2\pi iz1dnz\frac{i}{N\sqrt{n}}=e^{-}\frac{2\pi}{N}Z^{\cdot}.(hn+h’)\int_{M}e^{\frac{2\pi\sqrt{n}}{N}}(v+1/v)dv$
$M$ $v_{1}=(1+i\sqrt{3})/2$ $v_{2}=(1-i\sqrt{3})/2$ .
, $v$ $0$
. $J$ $-1$ $v_{0}=i\sqrt{3}/2$ , $K$ v $v_{1}$
, $K’$ $v_{2}$ $v_{3}=-i\sqrt{3}/2$ , $J’$ $v_{3}$
$-1$ , $J\cup K\cup M\cup K’\cup J’$ .
$e^{\frac{2\pi\sqrt{n}}{N}(/}v+1v$)
$\int_{J}+\int_{K}+\int_{M}+\int_{K’}+\int_{J’}=-\int_{C}$
$C$ $0$ $-1$ .
. $v\in J\cup J’$ ${\rm Re} v\leq 0,$ ${\rm Re} 1/v\leq 0$ $|e^{\frac{2n\sqrt{n}}{N}(v+/v)}1|\leq 1$





$\frac{1}{2\pi i}\int_{C}e^{\frac{2*\Gamma n}{N}(v+1/)}dvv=(-i)\cdot\frac{1}{2\pi i}\int_{C}e^{\frac{2\pi\sqrt{n}}{N}i(-})i1/tdt$
$=(-i) \cdot J_{-1}(-\frac{4\pi\sqrt{n}i}{N})=-i\cdot J1(i\frac{4\pi\sqrt{n}}{N})=I1(\frac{4\pi\sqrt{n}}{N})$
. ([W] $e^{\frac{z}{2}(t-} \frac{1}{\ell}$ ) $= \sum_{-\infty}^{\infty}J_{n}(Z)t^{n}$ . )
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, :
$\int_{L_{h}}f(Z)e^{-2\pi in}Zz_{d}=\frac{2\pi}{N\sqrt{n}}\cdot e^{-_{\pi^{(nh}}^{\underline{2}\pi}}\underline{\dot{.}}$ I$+h^{J}$ ) $.$ l $( \frac{4\pi\sqrt{n}}{N})+O(e^{\frac{2\pi\sqrt{n}}{N}})$ (3)
, $I_{1}(t) \sim\frac{1}{\sqrt{2\pi t}}e^{t}(tarrow\infty)$ ( $[\mathrm{W}]$ , p.203)
$JL_{h}[f(Z)e-2 \pi inzdZ\sim\frac{1}{\mathrm{v}^{\overline{\mathrm{R}}}\angle \mathrm{A}n\cdot/\prime},,$.
$\cdot e^{-\dot{\tau}^{(nhh’)}}.$ .$e^{\frac{4\pi\sqrt{n}}{N}}2\pi+$ $(narrow\infty)$
. (1), (2), (3) ,
, , $f(z)$ .
3. .
$N\geq 3,$ $(\mu, N)=1$ .
$b( \mu, N)=\frac{N}{2}\cdot \mathrm{B}_{2}(\frac{\mu}{N})$ , $\mathrm{B}_{2}(x)=(x-[x])^{2}-(x-[x])+\frac{1}{6}$
$H_{N}^{\mu}(z)=q^{b(\mu,N)}n\equiv\pm\mu(N)n>\square ,(01-q)n$
, $q=e^{2}\pi iz$
, $H_{N}^{\mu}(z)\#\mathrm{h}$ level $N$ modular .
$H_{N}^{\mu}(z)=x(\sigma)H_{N}(d\mu\sigma z)$ $(\forall\sigma=\in\Gamma_{0}(N))$
. $\chi(\sigma)$ $\sigma$ $\mu,$ $N$ 1 * . $H_{N}^{\mu}(z)$ $\Gamma_{1}(N)$
modular . $\mathrm{r}_{1}(N)=\{\sigma\in\Gamma_{0}(N)|d\equiv\pm 1 (\mathrm{m}\mathrm{o}\mathrm{d} N)\}$.
$\eta$ , $\theta$
:
$H_{N}^{\mu}(z)= \frac{-ie^{\pi i\nu^{2}}/N\theta_{1}z(\nu z|Nz)}{\eta(Nz)}$
, Kronecker :
$N \cdot y\sum_{m,n}’\frac{e^{2\pi im\mu/N}}{|m+nNz|^{2}}=-2\pi\log|H_{N}^{\mu}(_{Z})|^{2}$
$\theta$ , $\eta$ :
$\theta_{1}(v|z)=2q\sin\pi 1/\epsilon.\prod_{n}v\cdot(1-q^{n})(1-e^{2\pi}q)ivn(1-e^{-2:}q)>0\pi vn,$ $\eta(z)=q^{1}/24\prod_{n>0}(1-q^{n})$
(cf. [R]) $H_{N}^{\mu}(z)$ ,
$\chi(\sigma)$ , , cusp .
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, $N=5$ .




$P(k, l)=H_{5}^{1}(_{Z})^{k2}H(5Z)^{\ell}\backslash \cdot=q^{(\ell)}-11/60$ .$\sum^{\infty}k$ )$q^{n}n=0C(n$
. $f(z)(N=5)$ $P(6,6)$ . $P(k, \ell)$
$\Gamma_{1}(5)$ modular , cusp
. 4 cusp .
, $P(k$ , $q$ , 5
. $0$ 11 ,
. , .
, .
Kloosterman , $0$ , . (
, Kloosterman $0$ , [HR]
!) $P(5,5)$ 25 , .
$0$ Kloosterman
, . , twisting operator
, .
$narrow\infty$ , $n\equiv 0,1,2,3,4$
(mod 5) $c(n)$ , $k,$ $\ell$ –
( ) ,
, .
( ) $P(22, -3)$ , 5 , $c(5)=-29900,$ $c(6)=$
87972, $c(7)=-199343,$ $c(8)=318134,$ $c(9)=-199304$ ,
$(-+-+-)$ . , $22-(-3)=25\equiv 90+35$ (mod $10^{2}$ )
, $\alpha(9)$ – , .
I $P(k, l)$ $0$
$\bullet P(3, -2),$ $P(4, -1),$ $P(5,0),$ $P(6,1)$ : $(+-+-0)$
$\bullet P(1,1)$ : $(+–00)$ , $\bullet P(3,3)$ : $(+-0+0)$ , $\bullet P(1,6)$ : $(+–0+)$
$\bullet P(\mathrm{O}, 5)$ : $(+\mathrm{o}--+)$ , $\bullet P(-1,4)$ : $(++–0)$ , $\bullet P(-2,3)$ : $(++0–)$
$\bullet P(5,5)$ : $(+-++—++—++-0-++-0-++-)$
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II $P(k, \ell)$ .
$\bullet$ k>\ell
$0\leq \mathrm{i}\leq 9$ $k-\ell\equiv 10i+j$ (mod $10^{2}$ ) ,
$j=0,$ $\pm 1,$ $\pm 32,$ $\pm 33,$ $\pm 34,$ $-35(\mathrm{W}\mathrm{h}\mathrm{e}\mathrm{n}\iota\geq 1)$, or $+35(\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{n}\iota\leq 0)$ ,
$P(k$ , $\alpha(i)$ ( ) .
$\bullet$ k<\ell
$0\leq\dot{f}\leq 9$ $9k+l\equiv 10i+j$ (mod $10^{2}$ ) ,
$j=0,$ $\pm 1,$ $\pm 2,$ $\pm 3,$ $\pm 4,$ $+5(\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{n}k\geq 0)$ , or $-5(\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{n}k\leq-1)$ ,
$P(k$ , $\beta(i)$ .
$\bullet$ k=\ell
$0\leq i\leq 9$ $k\equiv i$ (mod 10) , $P(k, k)$
$\gamma(i)$ .
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